WEAK* SEQUENTIAL CLOSURES IN BANACH 
SPACE THEORY AND THEIR APPLICATIONS 
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§1 Introduction 

Let X be a (real or complex) Banach space, its dual Banach space will be de- 
noted by X* . We use standard notation and terminology of Banach space theory, 
see J.Lindenstrauss and L.Tzafriri [LT]. By a subspace we mean a linear, but not 
necessarily closed, subspace. We also assume some knowledge of general topology 
and ordinal numbers, see P.S.Aleksandrov[A]. 

Definition 1.1. Let A be a subset of X*. The set of all limits of weak*-convergent 
sequences in A is called the weak* sequential closure of A and is denoted by Am. 

S. Banach asked the following question (see [Maz]). 

Question. Let X be separable Banach space and A be a subspace of X*. 
Whether (A {1) ) {1) = 

This question was answered in negative by S.Mazurkiewicz [Maz]. The result of 
S.Mazurkiewicz makes it natural to introduce the following definition. (It was done 
by S.Banach [B2, p. 208, 213]. S.Banach used the term "derive faible".) 

Definition 1.2. For an ordinal a > 1 the weak* sequential closure of order a of A 
is the set 

A (a) = (J {A(fi))w- 

Weak* sequential closures were studied by S.Banach in his book [B2] (see, also, 
[B3] and [B4]). He proved the following results. 

Theorem 1.3 [B2, p. 124]. Let X be a separable Banach space and let A be a 
subspace in X* . Then A — Am\ if and only if for every f G X*\A there exists 
x G X such that f{x) — 1 but a{x) — for every a G A. 

In modern terminology this result can be stated as: a subspace in the dual of a 
separable Banach space is weak* closed if and only if it is weak* sequentially closed. 
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Theorem 1.4 [B2, p. 213]. Let X be a separable Banach space and let A be a 
subspace in X* . A necessary and sufficient condition for A^ — X* is that there 
exists a number M > such that, for each x e X, the subspace A contains a 
functional f satisfying the conditions 

\\f\\<M and |/(;r)| = |N- 

Theorem 1.5 [B2, pp. 213 and 124]. Let X be a separable Banach space and let A 
be a subset in X* . Then there exists a countable ordinal a such that A^ = A( a+1 y 

Theorem 1.6 [B2, p. 209]. For every positive integer n there exists a subspace A 
in (co)* = h such that Ar n \ ^ Ar n+1 \. 

The book [B2] also contains the following statement: 

Statement 1.7 [B2, p. 213]. For every contable ordinal a there exists a subspace 
A in (co)* = h such that A^ ^ A^ a+1 y 

This result was not proved in [B2]. At this point S. Banach referred to a pa- 
per that never appeared. Unfortunately the most comprehensive survey on de- 
velopements initiated in Banach's book (I mean the survey by A.Pelczyhski and 
Cz.Bessaga [PB]) does not contain any comments on this statement. To the best of 
my knowledge the first proof of this statement was given by O.C.McGehee [McG]. 

It is natural to suppose that the reason for studying weak* sequential closures 
by S. Banach and S.Mazurkiewicz was the lack of acquaintance of S. Banach and 
his school with concepts of general topology. Although the name "General topol- 
ogy" was introduced later, the subject did already existed, see F.Hausdorff [H], 
Alexandroff-Urysohn [AU] and A.Tychonoff [Ty]. It is also worth mentioning that 
J. von Neumann [N, p. 379] had already introduced the notion of a weak topology. 

Using the notions of a topological space and the Tychonoff theorem, more elegant 
treatment of weak and weak* topologies, and the duality of Banach spaces was 
developed by L.Alaoglu [All], [A12], N.Bourbaki [Bou] and S.Kakutani [Kak]. See 
N.Dunford & J.T.Schwartz [DS, Sections V.3-V.6] for a well-organized presentation 
of this topic. 

Nevertheless, an "old-fashioned" treatment of S. Banach still attracts attention. 
It happens because the "sequential" approach is very useful in several contexts. 
Now we would like to mention some of them. 

In Harmonic Analysis weak* sequential closures lead to a very useful and natu- 
ral classification of sets of uniqueness. This fact was noticed by I.I.Piatetski-Shapiro 
([Pil], [Pi2]). Since then the classification of sets of uniqueness was repeatedly used 
to prove results on sets of uniqueness using Banach space techniques and results. 
We are not going to discuss this topic in any detail. We refer to A.Kechris and 
A.Louveau [KL], A.Kechris, A.Louveau and V.Tardivel [KLT] and to R.Lyons [Ly]. 

Ill-posed problems. V.A.Vinokurov, Yu.I.Pctunin and A.N.Plichko ([VPP1] 
and [VPP2]) proved that a very important in the theory of ill-posed problems class 
of regularizable linear operators can be characterized in terms of weak* sequential 
closures (at least in some important cases). For further results in this direction see 
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the systematic exposition in the book of Yu.I.Petunin and A.Plichko [PP] and a 
more recent paper [02]. 

J.Saint-Raymond [S] and A.N.Plichko [Pll], [P14] proved that the Borel and 
Baire classification of inverses of continuous injective linear operators can be 
described in terms of weak* sequential closures (we shall discuss this result in more 
detail in §3). 

S.Dicrolf and V.B.Moscatelli [DM] found connections with the structure the- 
ory of Frechet spaces. See E.Behrends, S.Dierolf and P.Harmand [BDH], G.Mc- 
tafune and V.B.Moscatelli [MM1], [MM2], V.B.Moscatelli [M2] and the present 
author [09] for further results in this direction. 

A.Plichko [P13, Theorem 4] used weak* sequential closures to solve a problem on 
universal Markushevich bases in Banach spaces posed by N.J.Kalton [Ka, 
Problem 1, p. 187]. 

In connection with these applications of weak* sequential closures we find it 
natural and useful to give an account on the present state of the study of weak* 
sequential closures initiated by the results of S. Banach and S.Mazurkiewicz. 

Our main purpose is to study the properties of weak* sequential closures of total 
subspaccs in the dual spaces of separable Banach spaces (because it is the case that 
is the most important for all listed applications). 

Recall that a subset M of the dual space A* is called total if for every 0/i£l 
there exists / e M such that f(x) ^ 0. 

Before we turn to the main purpose we would like to make some remarks on 
non-separable case. 

1. It is clear that for reflexive spaces weak* sequential closures coincide with 
weak sequential closures. It turns out that reflexive spaces are not the only spaces 
with this property. A.Grothendieck [Gr, p. 168] found nonrcflcxive spaces A such 
that every weak* convergent sequence in A* is weakly convergent. (Now such spaces 
A are called Grothendieck spaces.) It is easy to see that nonreflexive Grothendieck 
spaces are non-separable. See J.Diestel and J.J.Uhl, Jr. [DU, p. 179] for a survey 
on Grothendieck spaces and J.Bourgain [Bo], R.Haydon [Ha], S.S.Khurana [Kh] 
and M.Talagrand [Ta] for more recent results. (Additional references can be found 
using MathSciNet.) 

It is easy to verify that for convex subsets in the duals of Grothendieck spaces 
the weak* sequential closure coincide with the norm closure. B.V.Godun [Gl, 
Proposition 3] observed that the following converse to this statement is true: if 
A = for every closed subspace in X* 7 then A is a Grothendieck space. 

2. One of the natural and important questions about weak* sequential closures 
is: when is the second dual A** of a Banach space A equal to the weak* sequential 
closure of the canonical image of A in X**l For separable spaces this question was 
answered by E.Odell and H.P.Rosenthal [OR]. They proved the following theorem. 
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Theorem 1.8. The second dual of a separable Banach space X coincide with the 
weak* sequential closure of the canonical image of X if and only if X does not 
contain a subspace isomorphic to l\. 

J.Dicstel [D, Chapter XIII] presents a proof of Theorem 1.8 with all necessary 
preliminaries. The papers R.J.Fleming [Fl], R.J.Fleming, R.D.McWilliams and 
J.R.Rcthcrford [FMR], A.Grothendieck [Gr], R.D.McWilliams [McWl], [McW2] 
and H.P.Roscnthal [Rl], [R2], [R3] contain preceding and relevant results. 

§2 Existence of total subspaces with long chains 
of strictly increasing weak* sequential closures 

Definition 2.1. Let A be a subset in X* . The least ordinal a for which = 
A( a +i) is called the order of A. (We use the convention A( ) := A. Hence the order 
of any weak* closed subset in X* is equal to 0.) 

Theorem 1.5 implies that for separable X the order of any subset in X* is a 
countable ordinal. 

This section is devoted to the following question. 

Let X be a separable Banach space. What are the possible orders of total 
subspaces M c X*? 

To answer this question we need 

Definition 2.2. A Banach space X is called quasi-reflexive if dim(X** /n(X)) < 
oo, where n : X — > X** is the canonical embedding and X** /n(X) is the quotient 
space. 

It is worth mentioning that classical Banach spaces (L p , H p , C(K)) are either 
reflexive or non-quasi-reflexive. The first example of a non-reflexive quasi-reflexive 
space was given by R.C.James [Jam]. (This example is discussed in [LT] (p. 25).) 
The term "quasi- reflexive space" was introduced by P.Civin and B.Yood [CY], their 
paper contains a systematic study of quasi-reflexive spaces. 

Theorem 2.3. (1) If X is a non-quasi-reflexive separable Banach space, then for 
every countable ordinal a there exists a total subspace Y C X* of order a + 1, that 
is 

r c r (1) c r (2) c ■ • ■ c c r (Q , +1 ) = x*, 

where all inclusions are proper. 

(2) If X is a quasi-reflexive separable Banach space, then a total subspace T C X* 
is of order 1 ifT^= X* and of order if T = X* . 

Remark 2.^. (a) For a separable Banach space X the whole dual space X* is the 
only total subspace of order 0. A dense subspace V C X* satisfying T ^ X* is a 
total subspace of order 1. Hence in the statement of Theorem 2.3 a may be equal 
not only to a usual ordinal number, but also to or —1. 

(b) By Theorem 1.5 the order of a subspace in the dual of a separable Banach 
space is a countable ordinal. B.V.Godun [G2, Lemma 1] observed that the order of 
a subspace in the dual of a separable Banach space cannot be equal to a countable 
limit ordinal. (Recall that an ordinal 7 is said to be limit if it cannot be written in 
the form a + 1. We consider and 1 as non-limit ordinals.) 
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(c) Hence Theorem 2.3 gives a complete answer to the question above. 

Remark 2.5. Using the fact that a subspace M in A"* can be identified in a canonical 
way with the total subspace of the dual of the quotient Xj (M T ) and the fact that 
quotients of quasi-reflexive spaces are quasi-reflexive (see [CY]) it is easy to show 
that any subspace in the dual of a quasi-reflexive separable Banach space has order 
1 (if it is not weak* closed) and order (if it is weak* closed) . 

The first statement of Theorem 2.3 was proved by the present author in [01], 
the second was known earlier (see below). Theorem 2.3 (1) has a rather long 
history and many partial results were known prior the publication of [01]. The 
history started with the results of S.Mazurkiewicz and S. Banach mentioned in §1 
(see Theorems 1.5, 1.6 and Statement 1.7). To the best of my knowledge the 
Banach's proof of Statement 1.7 did not exist and the first example of a Banach 
space whose dual contain subspaces of any non-limit countable order was given by 
D.Sarason (see [SI] and [S3]). In these papers he constructed such subspaces in H^. 
Soon afterwards O.C.McGehee [McG] proved that the same is true for X = Co thus 
proving the Banach's Statement 1.7. In his proof he identifies l\ with the space of 
absolutely convergent Fourier series and uses a quite nontrivial amount of Harmonic 
Analysis. A bit later D.Sarason [S2] found total subspaces of all possible orders in 
loo. D.Sarason's proofs in all of the mentioned paper use some tools from Complex 
Analysis. The subspaces constructed by O.C.McGehee [McG] and D.Sarason [SI] 
are also total. 

Remark 2.6. Both O.C.McGehee and D.Sarason consider complex spaces. But 
their results imply similar results for the real spaces Co and l\ also. We discuss this 
observation in the case X = c , the case X = l\ can be considered in the same 
way. Observe that the complex space Co considered as a real space is isomorphic 
to the real space Co- Let M be the total subspace in the dual of complex c of 
order 7 constructed by O.C.McGehee. Each / G M has a unique representation 
as / = /1 + if 2, where f\ and $2 are real- valued R— linear functionals. The set 
L := {/1 : / e M} is a linear subspace of the dual of complex c considered as a 
real space. Using the well-known trick due to Bohncnblust-Sobczyk-Soukhomlinoff 
(see [DS, pp. 63-64]) or the explicit representation of L it is easy to show that L 
is a total subspace in the dual of cq considered as a real space and the order of L 
coincide with the order of M . 

J.Dixmier [Di] introduced a very useful in the present context notion of a charac- 
teristic of a subspace in a dual Banach space and found several equivalent definitions 
of it. One of the equivalent definitions is: 

Definition 2.7. Let M be a subspace in X* . The characteristic of M is defined 



It is easy to see that Theorems 1.3 and 1.4 imply the following result. 

Corollary 2.8. The characteristic of a total subspace in the dual of a separable 
Banach space is > if and only if the order of the subspace is < 1 . 

J.Dixmier observed that the construction of S.Mazurkiewicz gives an example of 
a total subspace in Cq with zero characteristic. He constructed a similar example in 



by 



r(M) := inf 

o^xex 



sup{|/(z)| : 



/€M, 11/11 <!} 

INI 
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i* [Di, pp. 1067-1068]. (His construction works in more general situation, but the 
terminology needed to state more general result was not available at that time.) 

J.Dixmicr's construction is based on the following result. 

Theorem 2.9 [Di, p. 1064]. Let X be a Banach space and let T be a subspace in 



where T 1 - := {z G X** : z(x*) = for every x* <E V}. 

Joining this result with Banach's Theorem 1.4 we get the second statement of 
Theorem 2.3. 

In fact, let X be quasi-reflexive and T C X* be total. By definition of a total 
subspace it implies T 1 - (1 ir(X) = {0}. The definition of a quasi-reflexive space 
immediately implies that T 1 - is finite-dimensional. Using Theorem 2.9 and the 
compactness argument we get r(T) > 0. Jointly with Corollary 2.8 it proves the 
second part of Theorem 2.3. 

The study of total subspaces with zero characteristic was continued by Yu.I.Petu- 
nin [P] who found a wide class of Banach spaces whose duals contain total subspaces 
of characteristic zero, observed that it cannot happen for quasireflexive spaces and 
asked whether such subspaces exist for every non-quasi-reflexive space. W.J.Davis 
and J.Lindenstrauss [DL] answered this question in the affirmative. Joining their 
result with the mentioned result of Yu.I.Petunin [P] we get the following theorem. 

Theorem 2.10. X* contains a total subspace with characteristic zero if and only 
if X is non- quasi-reflexive. 

A.Plichko [P15] found another proof of this result, see also [P12]. 

W.J.Davis and W.B.Johnson [DJ] found a very important characterization of 
non-quasi-reflexive spaces. 

Theorem 2.11 [DJ, p. 362]. A Banach space X is non- quasi-reflexive if and only 
if X contains a bounded away from basic sequence {z„}™ =0 such that the set 



is bounded. 

Remark 2.12. The difficult part of this theorem is the fact that each non-quasi- 
reflexive space contains such basic sequence. 

Using Theorem 2.11 B.V.Godun [Gl] proved that for every n E N the dual 
of every non-quasi-reflexive separable Banach space contain a total subspace T 
satisfying T(„) ^ P(„ +1 ). His argument can be used to show that there exists a 
total subspace T satisfying 



X*. Then 




k 




IV) ^ r (u)+1 ), 



(*) 



where uj is the first infinite ordinal. 
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Being unaware of the B.V.Godun's result V.B.Moscatelli (see [Op]) posed a prob- 
lem on existence of subspaces satisfying (*) and rediscovered the B.V.Godun's result 
(with a bit different proof) in [Ml]. 

B.V.Godun [G2] made an attempt to prove similar results for larger cardinals, 
but the inductive argument in [G2] does not work for infinite ordinals. 

The final step in proving the first statement of Theorem 2.3 was made by the 
present author in [01]. The argument of [01] gives a new proof of the result even 
for Co- Reading [01] it may be useful to look at the special case of c first. The 
approach of [01] is such that using the W.J.Davis-W.B.Johnson characterization of 
non-quasi-reflexive spaces (Theorem 2.11), the proof for Co can be easily transferred 
to any non-quasi-reflexive space. (It is far from being clear whether the McGehee's 
proof can be transferred.) 

The paper [01] is available in English, Russian and Ukrainian. Since no simpli- 
fications of the original proof have been found since the publication of [01] in 1987 
I have decided not to reproduce it here. 

As we have already observed Theorem 2.3 gives a complete answer to the question 
posed at the begining of §2. But it is not the end of the story. The present 
author generalized Theorem 2.3 in two different directions. One of the directions 
is discussed in §3 (see Theorem 3.8). The other can be found in [07]. The present 
author [03] studied the isomorphic structure of total subspaces of given order. More 
recently, results of this type attracted attention of A. J. Humphreys and S.G.Simpson 
[HS], whose main interest was foundations of mathematics. They found another 
proof of the result of O.C.McGehee. Their proof does not use Harmonic Analysis. 
They use the notion of a well-founded tree. Their proof is a kind of a dual of the 
proof in [01] (if we apply the latter to X = cq). The use of well-founded trees is 
quite natural in this context (and is implicit in [01]). Nevertheless I do not feel 
that their proof is more elementary than the proof in [01]. 

It seems that the question posed at the begining of this section has not been 
studied in any detail for general Banach spaces. It is known that Theorems 1.3-1.5 
are not valid for non-separable spaces. J.Dixmier [Di] found natural and useful 
analogues of Theorems 1.3 and 1.4 for general Banach spaces; these analogues are 
not in terms of weak* sequential closures. 

See T.Banakh, T.Dobrowolski and A.Plichko [BDP] and V.P.Fonf [Fo] for ap- 
plications of Theorem 2.3 in contexts that are not mentioned in this survey. See 
D.Sarason [S4] for applications of weak* sequential closures to certain problems 
about the invariant subspaces of normal operators on a Hilbert space. 

The papers A.A.Albanese [Alb], V.B.Moscatelli [M2] and the present author 
[04], [05], [06], [07] and [010] contain some more results on classification of total 
subspaces of characteristic zero. 

The papers J.M.Anderson and J.E.Jayne [AJ], J.E.Jayne [Jay] and F.Jellett [Jel] 
contain generalizations of Sarason's results in another direction. These authors 
study not the weak* sequential closures, but the sets of pointwise limits of a given 
space of functions. 
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§3 BOREL AND BAIRE CLASSIFICATION OF LINEAR OPERATORS 

Let X,Y be separable Banach spaces (in fact, only the fact that X is separable 
is important). Let T : X — > Y be an injective continuous linear operator. Then 
T _1 : T(X) — > X is a well-defined linear operator. This operator is discontinuous 
if for some sequence {x n }^ =l C X we have lim^oo ^^f"^ = 0. On the other hand 
the well-known Suslin theorem (one-to-one continuous image of a Borel subset of a 
complete separable metric space is a Borel set, see [Kur, p. 487]) implies that T _1 
is a Borel map. In this section we consider the question: what is the Borel class 
ofT- 1 ? 

Let us recall necessary definitions (see [KL, Chapter IV], [Kur, §30, §31]). Let 
X be a metric space. Let B be the smallest collection of subsets of X that 

(a) contains all open subsets; 

(b) is closed under the operations of complementation, countable union and 
intersection. 

Sets from B are called Borel sets. 

We consider the following hierarchy of Borel sets. 

For every countable ordinal a we define multiplicative and additive classes a in 
the following way. 

(a) a = 

- Multiplicative class is the collection of all closed subsets of X. 

- Additive class is the collection of all open subsets of X. 

(b) For a > 1 

- Multiplicative class a is the collection of all countable intersections n^ =1 P„, 
where P n belongs to some additive class a n with a n < a. 

- Additive class a is the collection of all countable unions D^ =1 P n , where P n 
belongs to some multiplicative class a n with a n < a. 

It is easy to see that each Borel set belongs to some of the additive (or multi- 
plicative) classes. 

A map / : X — ► Y between metric spaces is said to be of Borel class a if the set 
f~ 1 (F) is a Borel set of multiplicative class a for every closed subset F C Y. 

We recall one more natural classification of maps between metric spaces [Kur, 
§31.IX]. 

Let X and Y be metric spaces. The family of analytically representable maps 
from X to Y is defined to be the smallest family of maps from X to Y which 
contains 

1) all continuous maps; 

2) the limits of convergent sequences of maps belonging to it. 

This family is representable as a union U a6 n<E> Q , where £1 is the set of all count- 
able ordinals and $ Q are defined in the following way. 

1. The class $o is the set of all continuous maps. 

2. The class $ a (a > 0) consists of all maps which are limits of convergent 
sequences of maps belonging to Uj< Q ${. 
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The class $ Q is called Baire class a. 

It is known (see S.Banach [Bl], K.Kuratowski [Kur, §31], S.Rolewicz [R]) that if 
Y is a separable Banach space, and a is finite then the Borel class a coincides with 
the Baire class a. If a is infinite then the Borel class a + 1 coincide with the Baire 
class a. 

V.A.Vinokurov [V] proved that for arbitrary Banach space Y the class of all 
regularizable maps from X to Y coincide with the Baire class 1. (Regularizability 
is a very important concept in the theory of ill-posed probelms. We are not going 
to define it here, see Yu.I.Petunin and A.N.Plichko [PP] or V.A.Vinokurov [V].) 

See R.D.Mauldin [Mau] for an interesting exposition of results on Borel sets and 
Baire classes of real- valued functions. 

Now we return to the situation described at the begining of this section. 

Theorem 3.1. Let X, Y be Banach spaces. Let X be separable and letT : X — » Y 
be an injective continuous linear operator. Then the map : T{X) — > X is 

of Borel class a if and only if the subspace T*Y* is of order a (in the sense of 
Definition 2.1). 

Remark 3.2. This result was proved by J.Saint-Raymond [S, Corollaries 42 and 
45]. Somewhat later A.Plichko independently found a different proof of it (see the 
summary [Pll]). Because of some errors in the Plichko's proof its publication was 
delayed. Eventually it was published in [P14]. Writing [P14] A.Plichko was already 
aware of J.Saint-Raymond's paper [S]. 

To apply results on the existence of total subspaces of given orders to show 
the existence of operators with inverses in given Borel (Baire) classes we need the 
following result (folk-lore). 

Lemma 3.3. Let X be a separable Banach space, let M be a closed total sub- 
space in X* and let Y be an infinite- dimensional Banach space. Then there exists 
an injective continuous linear operator T : X — > Y such that T*Y* C M and 

(T*y*) (1) = M (1) . 

Proof. Since X is separable, then B(X*) = {x* e X* : \\x*\\ < 1} is a metrizable 
separable topological space in the weak* topology. Let {m i }f^ l be a weak* dense 
sequence in B(M) = {x* e M : \\x*\\ < 1}. Let {yi}^ be a basic sequence in Y 
satisfying \\y t \\ < 1 (j 6 N) (see [LT, p. 4]). 

Let T : X -> Y be defined by 

OO ^ 

i=i 1 

It is easy to verify that 

T*y* = V] -^y*{yi)mi. 
i=i 1 

From here it is clear that T*Y* C M and C T*Y*. The lemma follows. □ 
Using Theorem 2.3, Theorem 3.1 and Lemma 3.3 we get 
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Corollary 3.4. Let X be a separable non-quasi-reflexive Banach space and let Y 
be an infinite- dimensional Banach space. Then for every countable ordinal a > 1 
there exists an injective continuous linear operator T : X — > Y such that the map 
T^ 1 : T(X) — > X is of Borel class a, but is not of Borel class (3 for any (3 < a. 

If X and Y are "concrete" spaces, it is natural to ask: whether the operator T 
can be chosen from some "natural" class of operators? We consider one question 
of this type, many other can be treated in a similar way. 

Question. Let F and G be Banach function spaces on [0,1] and T : F — » G be 
an injective linear integral operator with an analytic kernel. What Borel class can 
the map T -1 : T(F) —* F belong to? 

Let us give some clarifications. 

1. By an analytic kernel we mean a map K : [0, 1] x [0, 1] — > C with the following 
property: For some open subsets T and A of C such that [0, 1] C T and [0, 1] C A, 
there exists an analytic continuation of K to T x A. 

2. If the spaces are real then we consider map K taking real values on [0, 1] x [0, 1]. 

3. We assume that F and G are infinite-dimensional and that F is a separable 
Banach function space on the closed interval [0, 1] continuously and injectively 
embedded into Li(0, 1). 

Remark 3. 5. It is easy to see that if F and G are infinite-dimensional function spaces 
and there exists an injective integral operator with an analytic kernel T : F —* 
G, then G should contain an infinite-dimensional subspace consisting of functions 
having analytic continuations to some open subset T C C satisfying T D [0,1]. 
Diminishing T if necessary we may assume that the functions are bounded on T. 
Using the well-known argument (see [LT, p. 4]) it is easy to see that in such a case 
G contains a basic sequence {yi}^ consisting of functions satisfying 1) 1 1 2/i 1 1 c? < 1 
and 2) sup zgr < 1, where yi is an analytic continuation of t/j. 

Let A be a bounded open subset of the complex plane such that A D [0,1]. 
Let / : A — > C be a bounded analytic function on A. (If we consider real spaces 
then we assume in addition that / takes real values on the real axis.) Function / 
generates a continuous functional on Li(0, 1) by means of the formula 



Since F is continuously embedded into L\(0, 1) then / generates a continuous 
functional on F. Let us denote by U the subspace of F* consisting of all functional 
of this type. Observe that U is a total subspace of F*. It follows from the following 
facts: 1) F is injectively embedded into Li(0, 1); 2) the set of functionals generated 
by polynomials is a total subspace of (L\(0, 1))*. 

We need the following variant of Lemma 3.3. 

Proposition 3.6. Let a > 1 be a countable ordinal. LfU contains a total subspace 
L of order a (as a subspace of F* ) and G satisfies the condition from Remark 3.5, 
then there exists a linear integral operator T : F — > G with an analytic kernel such 
that T~ x : T(F) — > F is in Borel class a, but is not in Borel class [3 for any [3 < a. 

Proof. We follow the proof of Lemma 3.3. Let {yt}^ C G be the sequence from 
Remark 3.5 and let {m,}™! be a weak* dense sequence in {I 6 L : \\l\\ < 1}. Let 
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a, = sup^ eA |mj(z)| (recall that U and, hence L consists of functional generated 
by bounded analytic functions on A.) 

Let T : F -» G be defined by 



(We may and shall assume that none of m^'s is zero and hence none of aj's is zero.) 

Observe that T is an integral operator of the required type. 

The rest of the proof is as in Lemma 3.3 (the only difference is that we have 
T*G* C cl(L) instead of T*G* C L, but it does not cause any problems). □ 

Remark 3.7. Proposition 3.6 is taken from [08]. The idea goes back to L.D.Mcni- 
khes [Men]. 

To apply Proposition 3.6 we need a condition under which U contains a subspace 
of order a. One such condition was found by the present author in [08]. As is 
natural in such degree of generality, it is a condition for existence of subspaces of 
large orders only. 

Theorem 3.8. Let F be a separable Banach space and U be a total subspace in 
F* . Consider elements of F as junctionals on U . We get a subspace in U* . Denote 
it by W. If c\(W) is of infinite codimension in U* , then for every countable ordinal 
a there exists a total subspace L of U whose order is > a. 

The proof of this theorem uses a ramification of the approach of [01] to the 
proof of Theorem 2.3. It is too technical to be presented here (see [07] and [08]). 

It is natural to ask: how can we check whether the condition of Theorem 3.8 
is satisfied for a given space? For many classical spaces the answer follows from 
the following observation: if cl(£7) contains a subspace isomorphic to l\, then U* 
is non-separable and hence cl(VF) (it is obviously a separable space) is of infinite 
codimension in it. For classical non-reflexive Banach spaces (e.g. C(0, 1), Li(0, 1)) 
it is not difficult to find such isomorphic copies of l\. 

Remark 3.9. As a corollary of Theorem 3.8 and Proposition 3.6 we get a gener- 
alization of the results of L.D.Menikhes [Men] and A.Plichko [P12] (sec Remark 3 
in [08]). L.D.Menikhes [Men] proved that there exists an integral operator from 
C(0, 1) to £2(0, 1) with infinitely differentiable kernel and nonregularizable (=not 
of the Borel class 1) inverse. A.N.Plichko [P12] constructed operators with these 
properties for wide classes of function spaces. 
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